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Introduction 

The world of mathematics houses an array of wonders that may be tangible or 

imperceptible, which is, perhaps, what makes it so mesmerising to some. Although 

Mathematics involves a lot of abstract concepts, such as infinity and never-ending 

irrational numbers, it may still be very much related to daily life. In this essay I will be 

introducing to you a type of figure that is the perfect explanation to this mind-blowing 

feature of Mathematics – the fractal. 

Fractals are beautiful figures that contribute substantially to the beauty of the universe. 

However, behind their splendid appearance, a bunch of numbers contribute to the big 

picture. I will introduce them in several famous fractals. 

Body 

What are fractals? Fractals are infinitely complex, never-ending patterns that are self-

similar across different scales. They are created by repeating a simple process over and 

over – like a loop.  

Fractals can be 2-dimensional – meaning that they only exist in the visual world, or 3-

dimensional – it can be an object that exists in the real world. Below are some examples 

of 3-dimensional and 2-dimensional fractals. 

3-D Fractals 

  

 

2-D Fractals 



 

Fractals involve a lot of mathematics concepts. Let us explore the mathematics behind 2-

D fractals. Similar theories can be applied to those in 3-D. 

The Sierspinski Triangle – Disappearing Area, Infinite Perimeter      

The Sierspinski Triangle is also called the Sierpinski Gasket or the Sierpinski Sieve. It is 

a fixed set with the overall shape of an equilateral triangle, subdivided recursively into 

smaller equilateral triangles. This triangle has an intricate theory behind that makes it 

what it evolves into.  

To get this fractal, we first start with an equilateral triangle, then we subdivide it into four 

smaller congruent equilateral triangles and remove the central one. Suppose our first 

large one is black, and the removed central triangle white. Then we repeat this procedure 

in each of the remaining smaller triangles, and we end up having more and more 

divisions and little ones. 

What will eventually happen? The table below shows the gradual transformation of the 

triangle’s area and perimeter after several stages. Let the side length and area of the initial 

large equilateral triangle (at stage 0) be 1s and 1A respectively. 

Table 1(a) 

Stage of 

Transformation 

Total number of 

Black triangles 

Total Number of 

White Triangles 



0 1 0 

1 3 1 

2 3×3=9 1+3=4 

3 3×3×3=27 1+3+9=13 
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n 3𝑛 1+3+3²+…+3𝑛−1 

 

We can conclude: 

As n→∞, the number of black and white triangles both →∞ 

Table 1(b) 

Stage of 

Transformation 

Perimeter of 

Resulting Figure 

Total area of black 

triangles 

Total Area of White 

Triangles 

0 3s 1A 0 

1 9

2
s 

3

4
A 

1

4
A 

2 27

4
s 

3

4
×

3

4
=

9

16
A [1-(

3

4
)²]A=

7

16
A 

3 81

8
s 

3

4
×

3

4
×

3

4
=

27

64
A [1-(

3

4
)³]A=

37

64
A 

 

From table 1(b), we can obtain a general formula that applies to the perimeter and area of 

the triangle after n stages, now shown in table 1(c). 

Table 1(c) 

Stage Perimeter Area of 

Black 

triangles 

Area of 

White 

Triangles 

n 3𝑛+1

2𝑛
s (

3

4
)𝑛A [1-(

3

4
)𝑛]A 

 

1) When n→∞, the perimeter of the resulting figure →∞.  

2) As n→∞, the area of black triangles →0, as (
3

4
)𝑛 gets smaller and smaller. 

3) As n→∞, the area of white triangles →1A.    

As a result, the area of the Sierspinski Triangle gradually tends to 0, but the perimeter 

continues to increase. This fractal has a disappearing area and an infinite perimeter. 

Fractional Dimension 

In mathematics, everything has a dimension. Unlike other geometric figures, fractals all 

have a unique dimension that determines what they look like. We can use logarithm 



function to calculate the fractional dimension of the Sierspinski Triangle by using the 

formula 

d = 
log(𝑁)

log(𝑅)
 where d is the dimension, N is the number of self-similar copies of the original 

triangle, and R the scaling factor. 

Before we use the formula, however, we already know that the dimensions of the triangle 

is between 1 and 2. This is because a line has one dimension, and a plane has two 

dimensions, and the Triangle is not solely a line nor a plane, as it has ‘holes’ within 

(when the central triangle is removed during each iteration). 

Then let us carry on to find N and R, in order to get d. During each iteration, the triangle 

is divided into 4 smaller ones, the central one then removed. Therefore, the iterations are 

carried on with 3 times as many triangles, and N=3. To obtain R, we can see that the edge 

of each triangle is half the length of the edge of the triangle in each iteration. Therefore, 

the scaling factor R=2. 

The fractional dimension of the triangle is 
log(3)

log(2)
 ≈ 1.58 

Can the Triangle be in different forms too? 

There also exists a 3-dimensional version of the Sierspinski Triangle – the Sierspinski 

Tetrahedron. It is made up of four small tetrahedrons, with an empty space in the middle. 

In fact, other fractals have different variants and 3-D forms too, taking the famous Koch 

Snowflake as an example. 

The Snowflake Series 

Next, I will introduce a series of snowflake-styled fractals. I have chosen two of them – 

the Koch snowflake, a stylish and very famous 2-D fractal, the Gosper island, an 

alteration of the Koch snowflake.  

The Koch Snowflake – Finite Area, Infinite Perimeter  

This snowflake is another common fractal. It is much more than just a Christmas 

decoration! This fractal is one of the earliest fractal curves to have been described. It can 

be constructed by starting with an equilateral triangle, just like the Sierspinski Triangle, 

then repeatedly altering each line segment as follows: 



1. Divide the line segment into three segments of equal length. 

2. In the middle segment, draw an equilateral triangle outward from it that has a base 

length of the segment.  

3. Remove the line segment that is the base of the triangle from step 2. 

Table 2(a) 

Stage of 

Transformation 

Number of 

Triangles Added 

Change in Area of 

the 

Snowflake(positive) 

Total Area of the 

Snowflake 

0 1 1A 1A 

1 3 3×
1

9
=

1

3
A 

4

3
A 

2 12 12×
1

9
×
1

9
A=

16

243
A 

376

243
A 

3 48 48×
1

9
×

1

729
A=

64

2187
A 

3448

2187
A 

 

From the above table, a general formula for the snowflake’s total area can be deduced. 

For any stage of transformation n, the area is [
8

5
−

3

5
× (

4

9
)𝑛] 𝐴. 

As n increases, [ 
3

5
× (

4

9
)𝑛] decreases and gets closer to 0. Therefore, as n →∞, the total 

area of the snowflake →
8

5
 A. 

 

The Gosper Island – The Altered Snowflake  

The Gosper island fractal,  also known as a flowsnake, is a modification of the Koch 

snowflake. 

This fractal starts with a hexagon, unlike the Koch snowflake, which starts with an 

equilateral triangle. 

Figure 1(a) 

  

https://en.wikipedia.org/wiki/File:Gosper_Island_4.svg


In each side of the hexagon (Figure 1(a)), we will replace it with the ‘broken’ green lines, 

as seen in Figure 1(b). 

Figure 1(b) 

 

Figure 1(c) 

                                                                   

Rotational Symmetry 

All three fractals previously introduced have axes of rotational symmetry. Some 3-D 

fractals also have axes of rotational symmetry. 

Tessellations 

The above snowflake fractals can be tessellated, but in different ways. 

Koch snowflakes of the same size cannot tessellate. However, they can tessellate if we 

‘insert’ some geometrical shapes between them. Examples are as follows: 

Figure 2(a) 

 



Koch snowflakes of different sizes can also tessellate. 

Figure 2(b) 

The Gosper Island snowflakes can tessellate themselves. The tessellation looks like the 

figure below.  

Figure 2(c) 

 

In Figure 2(c) there are 7 Gosper curves, each in their 2nd iteration and outlined in black. 

Each of them are formed by 6 identical Gosper curves of the 1st iteration, which are 

joined by 6 hexagons, the original ‘starting point’ of all iterations. 

Any iteration and size of the Gosper Island can tessellate itself. The tessellation is done 

diagonally. 

Fractals around our Lives 

There are more about fractals that can leave your mind spinning! Not only can they be 

concrete objects for us to appreciate, there are also applications of them in daily life. 

Some examples are: 

1. Computer science 

Fractals are used in image compression, by using the fact that the real world is 

well described by fractal geometry. 



2. Art and architecture 

Art is never neglected when we talk about fractals – we can all witness that 

fractals are not solely a part of Mathematics. They contain geometric patterns that 

are commonly taken for reference and used in architecture – also because of their 

beauty and expressivity. The artistic use of fractals has a specific name, which is 

fractal art. 

3. Physics 

Fractals are used in describing the roughness of surfaces in surface physics – a 

rough surface is characterized by a combination of two different fractals. 

4. Games 

Some games we play in real life involves the patterns of fractals! One example is 

the Tower of Hanoi, a game about different sized discs having to be thrown into 3 

pegs to achieve a ‘tower’ made up of a certain number of discs stacked up from 

the smallest to the largest. 

5. Nature 

If you were wondering, we needn’t be experts, architects or physicians in order to 

see fractals. They are all around us in nature! 

The Binary Tree is a fractal. It is not a purely a diagram, but an illustration of what we 

normally see in real trees. Figure 3(a) shows what a binary tree looks like. 

Figure 3(a) 

 

Similarly, a real tree branches into more and more little branches as it develops upwards. 

Figure 3(b) displays a model that resembles tree branches. 

Figure 3(b) 



 

 

Conclusion 

Through writing this essay, I was able to discover the relation between art and 

mathematics, two subjects that seem distant but actually have a lot in common. This topic 

was a joy to investigate and I hope it benefits whoever that has read it. 
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Reserved space for copying and pasting symbols for convenience (NOT PART OF THE 

ESSAY) 

∞→∞→→→ 

 

 


