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Introduction 

 

A contradiction consists of a logical incompatibility between two or more propositions when 

they, taken together, yield two conclusions which form opposite inversions of each other.  

 

There are a lot of examples regarding the contradiction of mathematics, ranging from geometric 

figures to irrational numbers. Contradiction allows these to exist solely either in the visual world 

or in one’s mind. 

 

History 

 

M.C. Escher (1898-1972) is an artist who is famous for his mathematical drawings and artworks 

involving contradiction, including the Waterfall and the Impossible Cube. These are all 

geometric figures that only exist visually. 
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In this essay, I will be proving contradictions in several examples, separated into three aspects: 

Geometry, Numbers and Statements. 

 

1. Geometry: The Penrose Triangle 
 

 

From the view of the white plane, the white path forms a perpendicular L-shape. From the view 

of the other planes – grey and black planes, the grey and black paths too form perpendicular L-

shapes. Therefore, the white, grey and black L-shaped pathways are perpendicular to each other. 

3 perpendicular sides can only have one intersection point, and are supposed to go on forever, 

not to end where they have started. 

  

Let the white path be the x-axis of a 3D coordinate plane, the grey path the y-axis, and the black 

path the z-axis. Let 
𝑖

→, 
𝑗

→ and 
𝑘
→ be the vectors of the x-axis, y-axis and z-axis respectively. 

 

How do vectors work on a 3D coordinate plane? 

 

In a 3D coordinate plane (with an x- , y- , and z-axis): x, y and z, if there is a point (2,3,-1), the 

final position of this point will be (2
i

→+3
j

→ – 
k
→). 

 

Applying the 3D coordinate plane to the case of the Penrose Triangle: 

  

A red dot is to travel along the white, grey and black L-shaped pathways, starting from the point 

(0,0,0).  

 

-When it travels down the white path to the black path, let its x-coordinate be a
𝑖

→ (a is a non zero 

constant.) 

-When it travels down the black path to the grey path, let its y-coordinate be b
𝑗

→ (b is a non zero 

constant.) 

-When it travels down the grey path to the white path, let its z-coordinate be c
𝑘
→ (c is a non zero 

constant.) 
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The answer can be obtained: the finishing point of the dot is (a
𝑖

→+b
j

→+ck), and is not equal to 0. 

But in the picture, the dot should have returned to its original place (0,0,0) after traveling along 

the paths, because the Penrose Triangle forms a closed triangular ring, and the mutually 

perpendicular pathways went back to their original starting point. 

 

∴ This is a contradiction. 

 

2. Numbers: Proofs of Rational and Irrational Numbers 

 
The proving of certain numbers to be irrational or rational can involve contradiction. Now we 

will prove the following problems by contradiction. 

 

Problem 1: Prove that √2 is an irrational number. 

 

Solution: Suppose that this statement is not true: √2 is not an irrational number.  

 

∴ √2 = 𝑝

𝑞
, where p and q are relatively prime integers. 

∴ √2 × q = p 
Then we square both sides.  

∴ 2𝑞2=p2 

∵ 2q2 is an even number, as any number multiplied by 2 is even, 

∴ p2 is also even; (and is a multiple of 2) 

∴ p is also even. (and is a multiple of 2) 

∴ p2 is a multiple of 4 (multiple of 2×2) 

∴ q must be even 

If p and q are both even, then they cannot be relatively prime.  

∴ This is a contradiction, and therefore √2 can’t not be an irrational number. 

∴ √2 is irrational. 

 
Problem 2: Prove that there is no smallest rational number greater than 0. 

 
Solution: Suppose that this statement is not true. Then, there is a smallest rational number r 

greater than 0. r can be expressed as 𝑎

𝑏
.  

∵ r is a fraction greater than 0, 

∴ 𝑟

2
 > 0 

𝑟

2
 is a fraction, and is also a rational number. But r>𝑟

2
 >0, which means 𝑟

2
 is also a rational number 

greater than 0 and even smaller than r 

 
But we have just assumed that r is the smallest rational number greater than zero, but 

∵  𝑟

2
 < r and 0<𝑟

2
, 

∴ this is a contradiction, and there is no smallest rational number greater than 0. 

 

  



Page 4 

 

3. Statements: Paradoxes and Impossibility 
 

Problem 1: Consider Statement A and Statement B: 

Statement A: ‘Statement B is true.’ 

Statement B: ‘Statement A is not true.’ 

 

Argument 1: Suppose that Statement A is true.  
    Then Statement B is not true.  

    Then Statement A is not true--which contradicts our original supposition.  

    ∴ Statement A is not true. 

 

However, another argument opposes Argument 1. 

 

Argument 2:  Suppose that Statement A is not true.  

    Then Statement B is true.  

    Then Statement A is true--which contradicts our original supposition.  

   ∴ Statement A is not not true. 

 

This is a contradiction, and is impossible. 

 

Problem 2: Consider the following situation: a man talking to a genie wishes that wishes couldn't 

come true. 

 

Solution: This situation contradicts itself. The genie’s decision can be divided into 2 cases. 

 

Case 1: if the genie grants the man’s wish, he did not grant his wish. 

 

Case 2: if the genie refuses to grant the man’s wish, then he did indeed grant his wish, therefore 

making it impossible to either grant or not grant his wish because his wish contradicts itself. 

 

Conclusion 

 

Through writing this essay, I have gained a lot of new information about contradiction in 

mathematics. It can sometimes blow up the mind and may seem meaningless but when I listed 

out some solutions and arguments to these contradiction problems, I found out how great they 

are worth investigating. It was a lovely experience to research for and write this essay. 
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